In this article we consider open strings with mixed boundary conditions (a combination of Neumann and Dirichlet at each end), and discuss how their end points show a D p -brane with NS-NS charge, i.e. a bound state of a D-brane with fundamental strings. We show these branes are BPS saturated. Restricting ourselves to D-string case, their mass density is shown to be BPS saturated, in agreement with Sl(2,Z) invariance. Via Chan-Paton factors the consideration is extended to the case of bound states of n D-strings and m F-strings. These observations is checked both in string theory and the effective field theory limit.
Introduction
Since the discovery of Polchinski [1, 2] D-branes have had immense contribution to the understanding of various phenomena in super string theories. By considering their interactions via exchange of closed strings one can recover their long range interactions which gets contribution from massless fields; graviton, dilaton and RR fields. Doing so, one finds that they are BPS saturated objects with unit of the proper RR charge and their mass density proportional to 1 gs [1] , as predicted by the effective field theories (SUGRA). It has also been shown that we can construct bound states of such objects with themselves or with F(undamental)-strings. These bound states could be BPS or not [3, 4, 5] . The bound states can be composed of branes with same or different dimensions and branes with F-strings. Among these bound states p, p ′ case p, p + 2 as discussed in [4] are truly bound states, i.e. energy of bound state is lower than the sum of the individual energies. For p, p + 4 or p, p-branes case, due to SUSY they are marginally bound ( their mass is exactly sum of masses of the individual branes).
In the case of bound state of n similar D-branes, one can check that this b ound state is BPS saturated carrying n units of RR charge [3] . In this case, open strings attached to D-brane look like a Chan-Paton gauged strings with gauge group U(n).
Besides, bound state of D-branes, we can have BPS bound states of F-strings with Dbranes. It is worth noting that from p, p + 2 considerations by T-duality in a proper direction we can find bound state of F-strings with branes or other bound states discussed here [4, 5] .
One can show that these states carry the charge of U(1) gauge field living in any D-brane [6, 3] , which is partly pull back of back ground Kalb-Ramond field. Since the U(1) charge in D-string case is the momentum conjugate to U(1) gauge field, which is the field strength of U(1) gauge over string coupling constant the corresponding charge gets integer values through quantization procedure of U(1) gauge field [3] . If we consider other D p -branes, the U(1) charge is again related to momentum and field strength of U(1) field.
Here we mainly focus on D-one-branes or D-strings in IIB theory, these objects are needed for Sl(2,Z) duality of IIB strings [14] . Using the conventional notation we show their charges (NS-NS Kalb-Ramond and RR two form respectively) by (m n), an Sl(2,Z) doublet.
In this article we show that the (m 1) bound state can be represented in string theory by As we will discuss mixed boundary method is capable of presenting the NS-NS charge 3 .
i.e. they enable us to construct a string theoretic description of these bound states.
In section 2 we review obtaining mixed boundaries from σ-model action [6] and by means of open strings stretched between two (m 1) strings we calculate their interactions, vanishing of which indicates that the branes defined by mixed boundary conditions are BPS saturated and preserve one-half of the SUSY like (0 1) strings introduced by Polchinski [1] . We also obtain their mass density which again is a check for BPS conditions. The problem of these bound states in the case of P -branes ((m 1 p ) branes ,p > 1) is also discussed briefly. They have their own fine points which we postpone to future publications.
In section 3 we will analyze how NS-NS charged branes of IIB theory are related to IIA string theory under T-duality. Our discussion sheds light on the problem of relation between Sl(2,Z) symmetry of IIB string theory and T-duality of IIA and IIB theories [7] .
In section 4, we discuss how (m 1 p ) bound states, exactly like (0 1 p ) brane, show symmetry enhancement when they are coincident. Moreover we explain how these symmetry enhancements in the case of IIB D-strings or D 5 -branes, unlike IIA, also holds for strong coupling regime. Equivalently we will present a Sl(2,Z) invariant argument of symmetry enhancement.
In section 5 we introduce (m n) strings by means of both Chan-Paton gauged open strings and mixed boundary conditions. Through their interactions we obtain their mass density and discuss their symmetry enhancements when they coincide.
In section 6 we present the field theoretic description of what we have done, i.e. using the generalized ( Sl(2,Z) invariant) DBI action [8] and IIb SUGRA action, again calculate the (m n) interactions at tree level of field theory.
In section 7 we will discuss some new features and open questions.
1 The B µν charge is a two form defined in the world-volume of brane.
2 In D-string case as usual we will use (m 1) notation which shows an Sl(2,Z) doublet.
3 Unless it is mentioned explicitly by NS-NS charge we mean the NS-NS two form charge
Mixed Boundary Conditions:
One can introduce Dirichlet boundary conditions on open strings by adding a constraint term to usual σ-model [6] as following:
where Σ and ∂Σ are the world-sheet and its boundary and
gauge field living in a D p -brane and ζ i are its internal coordinates and G, B, Φ are usual back-ground fields. Variation of this action with respect to X µ gives either of the following boundary conditions 4 :
where
As we see when there is a non-trivial U(1) gauge field strength, F µν , the usual Neumann boundary conditions gets to a mixed boundary condition. So it suggests that we are able to introduce bound state of D-branes with F-strings (carrying a non-vanishing B µν charge and hence making a non-trivial F µν background) by mixed boundary condition on open strings attached to.
In this article we mainly focus on D-string case.
For (m 1) string following [3] we can argue that F ab = mλǫ ab , a, b = 0, 1, where λ is the string coupling constant. So the related boundary conditions are:
the related fermionic boundaries are:
The value of the quantum of charge can be determined from the calculation on the disk, or equivalently by use of a one-loop vacuum amplitude. To do so let us consider two parallel Imposing (4) on X µ (σ, τ ) at σ = 0, π (we will work in Euclidean space-time) we have:
where N,N ′ are some normalization factors which are determined by considering the canonical commutation relations
As it is seen from the action (1) the conjugate momentum of the X 0 , X 1 are:
By a gauge transformation introduced in [3] which is only a function of (m 1) string coordinates, F ab can be set to be mλǫ ab δ µ a δ ν b . It is worth to note that the corresponding gauge transformation do not change the boundary conditions which is only a function of gauge invariant F. 5 Formally similar boundary conditions are considered in [9] , where Wilson lines are present in compact directions.
and
Now we return to the one loop vacuum graph calculations:
where i indicates the modes of the open string and p the momentum which has non-zero value in 0,1 components, and H is the open string world-sheet Hamiltonian, which is obtained from action (1) . Performing integration on momentum part and trace on oscillatory modes we get:
where NS and R are given by
This interaction vanishes, which is a sign of SUSY in open string channel (the corresponding solutions preserve half of the SUSY). In the exchanged closed string point of view this is a sign of BPS condition for the branes, as explained in [10] . We can extract graviton and dilaton and RR, Kalb-Ramnod contributions. In order to see the effective low energy contributions (massless closed strings) we go to t → 0 limit:
The first term in brackets is due to graviton, dilaton and the second term is due to RR and NS-NS two forms contribution respectively.
Vanishing amplitude as we will see explicitly in field theoretical calculations shows the BPS condition saturation and reminds the "No Force Condition" between BPS states which is also a sign of SUSY.
From now on we use the usual Sl(2,Z) doublets for RR two form (B µν ) and B µν as:
We will show explicitly in section 6 that how from (15) we get the (m 1) BPS mass density formula (when the RR scalar vanishes) to be:
where (4π
is the F-string tension. As has been explained in [3, 5] this is a truly bound state of m F-strings with a D-string.
The calculation given above can easily be generalized to some special D p -brane cases. In these cases the F ij is so that by a coordinate transformation in world volume we can obtain a F ij with only two non-zero components, e.g. the F 01 and F 10 , as we know except p = 1
and p = 2 we may not be able to find such a transformation in general. In these cases again interaction vanishes which shows a super symmetric BPS state if the related F ij charges are parallel.
In general F ij charge is a two form defined on the D-brane world-volume which in the case of string is just determined by ǫ ab in two dimensional world-sheet.
In these special cases the calculations presented here for the (m 1) strings, is not altered 
In section 6 through field theoretical arguments we will show that in general D p -brane,the above result could be written in a world volume invariant form:
When two (m 1 p )-branes are not parallelly NS charged their interactions does not vanish any more (the graviton,dilaton contributions do not cancel RR and Kalb-Ramond's). Interaction of these branes can be studied in field theory limit, which we will explain it in section 6. Also we will return to the question of the coincidence of such branes in the section 4.
T-duality of IIA , IIB and (m 1) Bound states:
It is well known that, e.g. [11] , the type IIA theory on a circle is T-dual to IIB on S 1 . On the other hand there is also the Sl(2,Z) self-duality of IIB theories, under which we have infinite IIB theories differ in their moduli space defined by vev of the dilaton and RR scalar. Our usual IIB theory is where RR scalar vanishes and string coupling (e φ ) is small. Now there is an ambiguity in T-duality explained above: Under T-duality we always get our usual IIB theory which is equivalent to all the other IIB theories related by Sl(2,Z) and by T-duality we do not get them.
This problem can be addressed from M-theoretical point of view:
M-theory compactified on S 1 gives different regimes of IIA theory (g IIA = R
3/2 11 in 11dim. Planck scale), usual IIA theory (weakly coupled theory) is R 11 → 0 limit. If one compactifies IIA on S 1 (with radius R 10 ) gets IIB on S 1 with string coupling as [7] :
where R 11 , R 10 → 0 reproduces the usual IIB theory. The above discussion shows the IIA , IIB T-duality.
On the other hand there is an Sl(2,Z) duality of IIB, which can be manifestly seen when we compactify M-theory on T 2 to get IIB/S 1 . When M-theory compactification is done in two steps ((M/S 1 )/S 1 ), we miss the Sl(2,Z).
We want to see how the states we have been considering in this article arise under duality transformation from type IIA theory. To do so, let us consider D p -branes in IIA/S 1 (or IIB/S 1 ) which are wrapped around the direction making angle θ with one of the internal directions of brane. If theory is compactified in X p direction, such a brane is introduced by the following boundary conditions [5, 14] :
under T-dualizing in X p direction [10] , ∂ σ and ∂ τ (Dirichlet and Neumann boundaries) are exchanged in X p , the dualizing direction. So (21) is replaced by:
which explains a (m 1 p+1 ) brane where
The internal F µν has acquired non-zero components only for (µν) = (p, p + 1).
So under T-dualizing a type II theory (A or B) we obtain bound states of D p -branes and F-strings, in which the NS charge of T-dualized brane is related to relative orientation of brane and dualized direction. All the arguments given above also holds for moving D p -branes [11] , in these cases T-dualizing in velocity direction gives a (m 1 p+1 ) brane in which (we are working in Euclidean space-time):
Indeed the NS-charge is related to the momentum modes of the F-strings in compact direction along which we are doing T-duality. This is a D 0 -brane with momentum along the compact direction, i.e. KK modes. Hence the dual states corresponding to NS-charged strings are the KK modes of the D 0 -brane. A similar result is obtained for the NS dyonic states (bound states of H-monopoles with F-strings [12] ).
In the case of the rotation the F µν is magnetic and for the moving case the F µν field is electric. This procedure also occurs when n (m 1) strings are on top of each other. In this case we reach to a U(n) SYM theory and a marginally BPS bound state with charge (nm n) 7 and similar to discussion of [3] , open strings stretched between (m 1)strings form an adjoint representation of U(n).
A point to remind here is that in the case of (0 1) strings the corresponding U(1) is only related to pull back of B µν (Kalb-Ramond field). In this case only F-strings can end on the branes [13, 8] . When we are dealing with (m 1) strings the U(1) gauge partially have a contribution from U(1) which is a pull back of the RR two form and hence following again 7 As their interaction vanishes energy of the (nm n) bound state is n times of (m 1)string, i.e. they are marginally bound.
[13,8] D-strings can end on such branes. Hence as it is also observed in [8] (and we will come back to in more details in section 6), there is a U(1) gauge Sl(2,Z) doublet, F ab , which gives the proper U(1): [3, 13] . Similar arguments reinforces the necessity of existence of a U (1) gauge field describing the state of D-strings ending on other strings or branes, and alsoÃ a is needed for conservation ofB µν charge and corresponding gauge symmetry in presence of all other objects present in IIB theory [8] .
In the case of (m 1) strings there is an Sl(2,Z) invariant combination of A,Ã gauge fields which plays the role. The following discussion can clarify this point:
One can find an Sl(2,Z) transformation in IIB moduli space, under which (m 1) goes to (0 1). At that special point of moduli coincidence of D-strings show a symmetry enhancement. At that special point the U(1) × U(1) which enhances corresponds to F ab component of U(1) doublet,( F t ab = (F ab 0)), i.e. the corresponding U(1) gauge field is normal to the brane state in moduli space. Returning back to (m 1) string by Sl(2,Z) shows that the proper U(1) field is now (We are working in the χ = 0 (RR scalar) and e φ = λ point of the moduli space):
More generally the Sl(2,Z) invariant combination of F,F which gives the proper U(1) obeys the following equation:
where F t shows the components of F transverse to (m 1)string state in moduli space and M is the moduli space metric [15] (see (34) in section 6 ).
The arguments given here about symmetry enhancement of BPS NS charged D-strings are easily generalizable to the case of arbitrary p-brane but in that cases (p > 1) U(1) charge densities (which are two forms) must be parallel to reproduce the U(n) gauge fields, otherwise they even do not form a BPS saturated configuration.
It is necessary to bear in mind that symmetry enhancement of coincident similar D pbranes for even p is only valid for the usual string theory limits(g s << 1), at strong coupling for IIA cases (even p) symmetry enhancement arguments fails [16] , Because at that regime we find another extra dimension which destroys the coincidence concept. In the case of type IIB theory symmetry enhancement argument is supported by Sl(2,Z) duality and holds even in strong coupling.
(m n) string bound states in string theory
In this section we construct bound state of m F-strings with n D-strings in string theory. 
where X µ is an n × n matrix. At each end (σ = 0, π) we show its U(n) state by (λ i ,λ j ) or (λ i , λ j ) which λ ,λ show the quark anti-quark representations 8 .
So in the calculation of the interaction between n , n ′ D p -branes when we want to perform the sum on all the open string states we must also make a trace on Chan-Paton states (which are in U(n) × U(n ′ ) representation of U(n + n ′ ) ). Doing so we find a nn ′ factor multiplied by the previous results of two unit RR charged branes. Vanishing amplitude shows that n D p -branes on top of each other form a BPS saturated state with mass proportional to n gs .
More generally we can both put mixed boundary conditions and group theoretic states.
In this way we are able to construct bound state of m F-strings with n number of D p -branes.
Here we restrict ourselves to (m n) strings which corresponding boundary conditions are:
and X µ µ = 0, ..., 9 in adjoint representation of U(n) so their state at σ = 0, π are given by λ i orλ j For the second boundary equation we have made a trace in the U(n) part. The first term being proportional to unit matrix of U(n) gets a factor of n in contrast, the second does not because of the F ab term which is in adjoint representation of U(n).
By this method we can calculate the (m n) interactions through the one-loop vacuum amplitude of these mixed Chan-Paton open strings:
where A 0 is the corresponding amplitude for two (0 1) strings. So at massless closed strings or effective field theory limit one can write (30) as:
As we will explain more, the above result again shows that (m n)string (like (m 1)strings) form a BPS bound state which its mass is (4π
This what we expected from Sl(2,Z) symmetry. One should notice that in general two (m n) and (m ′ , n ′ ) case, the relative interactions do not vanish (except when m n = m ′ n ′ ). We will discuss more on this point later.
Although the above arguments is given for strings, we can generalize it to any (m n p )brane (bound state of n D p -branes with m F-strings)case, and the result (18) is multiplied by n The symmetry enhancement arguments holds in the case of two similar (m n p )branes, when they coincide again there are mixed open strings becoming massless enhancing symmetry to U(2n). In the case of IIB (m n)strings there is an Sl(2,Z) invariant combination of F components ( F t ) which plays role, like equation (27) 9 the corresponding combination is determined from orthogonality condition:
More precisely every string state-in moduli space of IIB theory is given by a (m n) Sl(2,Z) doublet, the transverse oscillations of these strings are explained by U(n) gauge fields related to massless states of F-strings, by F-strings we mean the string which is normal to (m n) state in moduli space, such a U(1) gauge field , F t , is obtained from (32), which is manifestly
This argument also holds for the five-branes of IIB theory, the state of which is described by Hodge dual fields of (m n)strings.
In the five-brane case instead of A ,Ã field we should use the * B, * B pull backs which are five-forms living in five branes. They show the state of open five-branes ending on these five branes [13, 16] . So in IIB theory coincidence of any five-brane (NS or D) causes a symmetry enhancement. In the case of (m n)five branes (m D 5 -branes and n NS 5 -branes), under a proper SL(2,Z) transformation (m n) state goes to (q 0) in another point of moduli space, where q is the greatest common divisor of (m n), and the symmetry enhancement arguments is generalized to (m n) branes [21] .
By a discussion similar to what presented in section 3, a system of (m n)string under T-duality in string spatial direction goes to a bound state of n D 0 -branes having velocity mλ in the same direction i.e. the compact direction.
6 Field Theory Descriptions, Manifest Sl(2,Z):
In the previous sections we build the string theoretic description of bound states of Dbranes with D-branes or F-strings. We can check our results and also compare them with field theory results, in this section we restrict to D-strings only, i.e. IIB theory. To do so we should build the IIb SUGRA action, as the term determining the bulk propagation of the NS-NS or RR fields, and also a generalized DBI action, which deals with an Sl(2,Z)
invariant combination of NS-NS and RR two forms, as the vertex operator of the (m n) string interactions, which also governs their dynamics.
IIb SUGRA action
In order to build a IIb action we use T-duality between IIa and IIb theories on an arbitrary direction , doing so we get to the following action [5] :
where we have used the notation of [14] :
M is the moduli space metric and a 2×2 Sl(2,R) matrix
where λ = χ + ie −φ (χand φ are RR and NS-NS scalars respectively). B ab is the Sl(2,R)
doublet and H = dB. A (4) is the usual self dual 4-form of IIb theory and is a Sl(2,R) singlet, S is a 2 × 2 Sl(2,R) matrix:
Following [13, 5] we impose self duality conditions on A (4) by hand 10 .
One can easily check that the action (32) is Sl(2,R) invariant , which by considering quantum corrections and BPS solution quantizations only Sl(2,Z) subgroup of this symmetry remains [15] . As recently has been discussed by Townsend [8] , there is two U(1) induced gauge fields related to B µν , which form an Sl(2,R) doublet:
and we can generalize DBI as [8] :
This action is manifestly Sl(2,R) invariant. In order to calculate two (m n) interactions we also need a vertex term added to (36), As usual we take the minimal coupling as [8] :
where J ab is the current of (m n) string. In the case of static (m n) strings:
So the full action governing the (m n) and (m ′ , n ′ ) interactions is:
The action given above is manifestly Sl(2,Z) invariant 11 .
Before going to brane interactions in detail let us analyze the action (40) more, if we solve the equation of motion for A,Ã we have:
where m,n are two constants, by quantization arguments on conjugate momentum of A,Ã m,n could get integer values only. Plugging (41) into (36) and solving the equation of motion for v:
which describes a BPS string with tension:
The same argument holds for the usual DBI action which describes the arbitrary D p -brane (p > 1), by solving the action for A a field, for the constant field strength solutions, we obtain the following action:
where T (m, 1p) is given by (19) , and mλ is the quantum value of NS charge or conjugate momentum of A field living in D-brane, so the usual DBI action or action (36) describe the dynamics of objects with the given mass densities, which are D-brane, F-string bound states.
In order to calculate (m n) strings interactions we use the usual methods [17] . We have to perform the Casimir energy calculations which in the first order (tree diagram) is due to exchange of a single graviton and B µν fields:
where first term in brackets show graviton dilaton contributions and the second, B µν interactions. ∆ µν,ρσ , ∆ are the corresponding propagators and T µν , J ab the related currents:
(x ⊥ shows the coordinates normal to string) and if we use a gauge in which the dilaton contribution is absorbed in gravity part:
Putting them together:
where and their mass formula is given by (19) .
Another way of checking their long distance (effective field theory) behaviour, is studying the scattering of an string off them which we have not considered here Through these calculation we can also check their NS charge explicitly.
As we argued these bound states can also be understood by T-duality plus boost (or rotation) in corresponding dual theory.
When we deal with (m n)strings, we should notice that each of these two (mixed bound- Through field theory calculations, energy of the system discussed above is:
which vanishes at m = m ′ . this result can be generalized for (m n),(m ′ n ′ ) as:
where T (m,n) is the BPS mass formula: 
